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h and n-curvesAbstract In this paper, we constitute a homotopy algorithm basically extension of homotopy anal-
ysis method with Laplace transform, namely q-homotopy analysis transform method to solve time-
and space-fractional coupled Burgers’ equations. The suggested technique produces many more
opportunities by appropriate selection of auxiliary parameters h and n ðnP 1Þ to solve strongly
nonlinear differential equations. The proposed technique provides h and n-curves, which describe
that the convergence range is not a local point effects and finds elucidated series solution that makes
it superior than HAM and other analytical techniques.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Fractional calculus was utilized as an excellent instrument to
discover the hidden aspects of various material and physical
processes that deal with derivatives and integrals of arbitrary
orders [1–5]. The theory of fractional differential equations
translates the reality of nature excellently in a better and sys-
tematic manner [6–11]. In recent years, many authors have
investigated partial differential equations of fractional order
by various techniques such as homotopy analysis technique[12–14], operational matrix based method [15], and tau method
[16].
This article considers the efficiency of q-homotopy analysis
transform method (q-HATM) to solve time- and space- frac-
tional coupled Burgers’ equations. The q-HATM is a graceful
coupling of two powerful techniques namely q-HAM and
Laplace transform algorithms and gives more refined conver-
gent series solution. The q-HAM was initially introduced
and nurtured by El-Tavil and Huseen [17,18]. The q-HAM is
an extension of the embedding parameter q 2 ½0; 1 arising in
the study by Liao HAM [19–21] to q 2 0; 1
n
 
that appears in
q-HAM. The homotopy analysis method (HAM) is based on
homotopy, a rudimentary concept in topology and differential
geometry that has been notably applied for solving nonlinear
problems occurring in different directions of scientific fields
[22–28]. The HAM has also been united with Laplace trans-
form to bringing out highly effective technique to investigate
nonlinear problems of physical importance [29–31]. It is
Figure 1 (a)–(h) Represent six order approximations HAM (q-HATM, n ¼ 1) solution uðx; tÞ ¼ vðx; tÞ of system of Eq. (18).
1754 J. Singh et al.well-known fact the coupling of semi-analytical methods with
Laplace transform giving time-consuming consequences and
less C.P.U time to investigating nonlinear problems describing
engineering applications.
In this letter, we consider the following system of fractional
coupled Burgers’ equations@a1u
@ta1
¼ @
2u
@x2
þ 2u @
a2u
@xa2
 @ðuvÞ
@x
; 0 < ai 6 1;
@b1v
@tb1
¼ @
2v
@x2
þ 2v @
b2v
@xb2
 @ðuvÞ
@x
; 0 < bi 6 1
ð1Þ
subject to the initial conditions
Table 1 Comparative study between HPM [36] and q-HATM.
Absolute error E4ðuÞ ¼ juexa:  uapp:j
x t HPM [36],
juexa:  uapp:j
q-HATM,
juexa:  uapp:j; ðh; nÞ
10 0.07 7.5  109 7.5  109, (1, 1)
4  1010, (0.99, 1)
2.0  109, (0.98, 1)
1.5  109, (4.98, 5)
1.0  109, (58.5, 60)
15 0.2 0.0000016779 0.0000016779, (1, 1)
4.326  107, (0.99, 1)
5.09  108, (9.8, 10)
3.470  107, (44.5, 45)
Numerical solution of time- and space-fractional coupled Burgers’ equations 1755uðx; 0Þ ¼ u0 ¼ FðxÞ; vðx; 0Þ ¼ v0 ¼ GðxÞ; ð2Þ
where ðai; bi; i ¼ 1; 2Þ are parameters describing the order of
the time ði ¼ 1Þ and space ði ¼ 2Þ fractional derivatives, x is
the space domain and t is time. When ai ¼ bi ¼ 1, then the sys-
tem of Eq. (1) turns down to the classical coupled Burgers’
equations. The most important advantages of using fractional
order derivative and integrals over the integer order derivatives
and integrals are that they provide a powerful instrument for
the description of memory and hereditary properties of differ-
ent substances.
An excellent literature can be found to study the coupled
Burgers’ equations, which are very significant for that the sys-
tem of Eq. (1) forming a simple model of sedimentations or
evolution of scaled volume concentrations of two kinds of
gravity [32]. A logistic and remarkable study has been done
by number of researchers pertaining to coupled Burgers’ equa-
tions [33–37]. Recently, Prakash et al. [38] numerically solve
the system of Eq. (1) by making use of variational iteration
method (VIM) and a systematic comparison has also been
made with ADM, GDTM and HPM. In the present article,
we observe a highly effective general approach say q-HATM
to solve the system of fractional Eq. (1) with concept of frac-
tional Laplace transform of the Caputo derivative [39] at large
admissible domain.
2. Basic idea of q-HATM
In this section, we present the basic theory and solution proce-
dure of proposed technique. We take a general fractional non-
linear non-homogeneous partial differential equation of the
form:
Dat uðx; tÞ þ Ruðx; tÞ þNuðx; tÞ ¼ gðx; tÞ; n 1 < a 6 n ð3Þ
where is Dat uðx; tÞ represents the fractional derivative of the
function uðx; tÞ in terms of Caputo, R indicates the linear dif-
ferential operator, N represents the general nonlinear differen-
tial operator and gðx; tÞ is the source term.
By applying the Laplace transform operator on both sides
of Eq. (3), we get the following equation:
L Dat u
 þ L½Ru þ L½Nu ¼ L½gðx; tÞ: ð4Þ
Making use of the differentiation property of the Laplace
transform, it yieldssaL½u 
Xn1
k¼0
sak1uðkÞðx; 0Þ þ L½Ru þ L½Nu ¼ L½gðx; tÞ: ð5Þ
On simplifying, the above equation reduces to
L½u 1
sa
Xn1
k¼0
sak1uðkÞðx;0Þþ 1
sa
½L½RuþL½NuL½gðx;tÞ¼0: ð6Þ
We define the nonlinear operator as
N½/ðx; t; qÞ ¼ L½/ðx; t; qÞ  1
sa
Xn1
k¼0
sak1/ðkÞðx; t; qÞð0þÞ
þ 1
sa
½L½R/ðx; t; qÞ þ L½N/ðx; t; qÞ
 L½gðx; tÞ; ð7Þ
where q 2 ½0; 1=n and /ðx; t; qÞ are real functions of x, t and q.
We construct a homotopy as follows:
ð1 nqÞL½/ðx; t; qÞ  u0ðx; tÞ ¼ hqHðx; tÞN½/ðx; t; qÞ; ð8Þ
where L denotes the Laplace transform, nP 1, q 2 0; 1
n
 
is the
embedding parameter, Hðx; tÞ denotes a nonzero auxiliary
function, h–0 is an auxiliary parameter, u0ðx; tÞ is an initial
guess of uðx; tÞ and /ðx; t; qÞ is an unknown function. It is
obvious that, when the embedding parameter q ¼ 0 and
q ¼ 1
n
, it holds the result
/ðx; t; 0Þ ¼ u0ðx; tÞ; / x; t; 1
n
 
¼ uðx; tÞ; ð9Þ
respectively. Thus, as q increases from 0 to 1
n
, the solution
/ðx; t; qÞ varies from the initial guess u0ðx; tÞ to the solution
uðx; tÞ. Expanding the function /ðx; t; qÞ in series form by
employing Taylor theorem about q, we have
/ðx; t; qÞ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞqm; ð10Þ
where
umðx; tÞ ¼ 1
m!
@m/ðx; t; qÞ
@qm

q¼0
: ð11Þ
If the auxiliary linear operator, the initial guess, the auxil-
iary parameter n; h and the auxiliary function are properly cho-
sen, the series (10) converges at q ¼ 1
n
; and then we have
uðx; tÞ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞ 1
n
 m
; ð12Þ
which must be one of the solutions of the original nonlinear
equations. According to the definition (12), the governing
equation can be deduced from the zero-order deformation (8).
Define the vectors in the following manner
~um ¼ fu0ðx; tÞ; u1ðx; tÞ; . . . ; umðx; tÞg: ð13Þ
Now, differentiating the zeroth-order deformation Eq. (8)
m-times with respect to q and then dividing them by m! and
finally setting q ¼ 0; we get the following mth-order deforma-
tion equation:
L½umðx; tÞ  kmum1ðx; tÞ ¼ hHðx; tÞRmð~um1Þ: ð14Þ
Finally applying the inverse Laplace transform, we have
umðx; tÞ ¼ kmum1ðx; tÞ þ hL1½Hðx; tÞRmð~um1Þ; ð15Þ
Figure 2 (a)–(f) Show the six order approximate q-HATM solution uðx; tÞ ¼ vðx; tÞ of system of Eq. (18).
1756 J. Singh et al.where the value of Rmð~um1Þ is given as
Rmð~um1Þ ¼ 1ðm 1Þ!
@m1N½/ðx; t; qÞ
@qm1

q¼0
; ð16Þ
and km is defined askm ¼
0; m 6 1;
n; m > 1:

ð17Þ
From study it should be analyzed that in special case n ¼ 1,
q-HATM reduces to the homotopy analysis transform method
(HATM).
Figure 3 (a)–(d) h and n-curves at x ¼ 20; t ¼ 0:002 of system of Eq. (18) and show the valid convergence range of h and asymptotic
behaviour of uðx; tÞ ¼ vðx; tÞ respectively with different values of a ¼ b: (3a) for HAM, convergence range is 1:99 6 h < 0; (3c) for q-
HATM, n ¼ 20 convergence range is 39:81 6 h < 0; (3b) at h ¼ 1 and (3d) at h ¼ 19:8, show the validity of corresponding h-curves.
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Example 1. We consider the time-fractional coupled Burgers’
equation [34,36]
@au
@ta
¼ @
2u
@x2
þ 2u @u
@x
 @ðuvÞ
@x
; 0 < a 6 1;
@bv
@tb
¼ @
2v
@x2
þ 2v @v
@x
 @ðuvÞ
@x
; 0 < b 6 1;
ð18Þ
subject to the initial conditions
uðx; 0Þ ¼ u0 ¼ FðxÞ ¼ sinx; vðx; 0Þ ¼ v0 ¼ GðxÞ
¼ sin x; ð19Þ
Eqs. (18) and (19) advise that we define the nonlinear oper-
ator asN1½w1ðx;t;qÞ;w2ðx;t;qÞ¼L½w1ðx;t;qÞ 1
km
n
 
1
s
FðxÞ
 1
Sa
L
@2w1ðx;t;qÞ
@x2
þ2w1ðx;t;qÞ
@w1ðx;t;qÞ
@x

@ðw1ðx;t;qÞw2ðx;t;qÞÞ
@x
	
; ð20Þ
N2½w1ðx;t;qÞ;w2ðx;t;qÞ¼L½w2ðX;t;qÞ 1
km
n
 
1
s
GðxÞ
 1
Sb
L
@2w2ðx;t;qÞ
@x2
þ2w2ðx;t;qÞ
@w2ðx;t;qÞ
@x

@ðw1ðx;t;qÞw2ðx;t;qÞÞ
@x
	
; ð21Þ
and the Laplace operator as
L½umðx; tÞ  kmum1ðx; tÞ ¼ hR1;m ~um1;~vm1½ ; ð22Þ
L½vmðx; tÞ  kmvm1ðx; tÞ ¼ hR2;m ~um1;~vm1½ ; ð23Þ
Figure 4 (a)–(f) Show the second order approximate q-HATM surface solution uðx; tÞ and vðx; tÞ of system (31) with different values of
ðh; n; a; bÞ versus time variable t and space variable x.
1758 J. Singh et al.where
R1;m ~um1;~vm1½ ¼Lfum1ðx;tÞg 1km
n
 
1
s
sinx
 1
sa
L
@2u
@x2
þ2
Xm1
i¼0
ui
@umi
@x
 @
@x
Xm1
i¼0
uivm1i
 !( )
: ð24ÞR2;m ~um1;~vm1½ ¼Lfvm1ðx;tÞg 1km
n
 
1
s
sinx
 1
sb
L
@2v
@x2
þ2
Xm1
i¼0
vi
@vmi
@x
 @
@x
Xm1
i¼0
uivm1i
 !( )
: ð25Þ
Figure 5 (a)–(d) h-curves at x ¼ t ¼ 0:05 for second order approximation of system of fractional Eq. (31) and show the valid
convergence range of uðx; tÞ and vðx; tÞ: (5a) 2:021 6 h < 0 and (5b) 1:968 6 h < 0 for HAM; (5c) 10:18 6 h < 0 and (5d)
9:85 6 h < 0 for q-HATM, n ¼ 5.
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(23), we get
umðx; tÞ ¼ kmum1ðx; tÞ þ hL1 R1;m ~um1;~vm1½ 

 
; ð26Þ
vmðx; tÞ ¼ kmvm1ðx; tÞ þ hL1 R2;m ~um1;~vm1½ 

 
: ð27Þ
On solving the above equations, we have
u0 ¼ sinx; v0 ¼ sin x;u1 ¼
h sinxta
Cðaþ 1Þ ; v1 ¼
h sin xtb
Cðbþ 1Þ ;
u2 ¼
hðhþ nÞ sin xta
Cðaþ 1Þ þ h
2 sinxð1 2 cos xÞ t
2a
Cð2aþ 1Þ þ 2h
2
 sin x cosx t
aþb
Cðaþ bþ 1Þ ;
Figure 6 (a)–(b) n-curves at x ¼ t ¼ 0:05 for second order approximation of system (31) and show the asymptotic behavior of uðx; tÞ and
vðx; tÞ also describe the validity of h-curve.
Figure 7 (a)–(b) Show the comparative behaviors of uðx; tÞ and vðx; tÞ at t ¼ 0:05 versus space variable x. It’s clear to see that both the
functions are continuously increasing functions.
1760 J. Singh et al.v2 ¼
hðhþ nÞ sin xtb
Cðbþ 1Þ þ h
2 sin xð1 2 cosxÞ t
2b
Cð2bþ 1Þ
þ 2h2 sinx cosx t
aþb
Cðaþ bþ 1Þ ; ð28Þ
and so on.
In this manner the rest of the iterative components can be
obtained. Therefore, the family of q-HATM series solutions
of the system of Eq. (18) is given byuðx; tÞ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞ 1
n
 m
;
vðx; tÞ ¼ v0ðx; tÞ þ
X1
m¼1
vmðx; tÞ 1
n
 m
:
ð29Þ
If we set n ¼ 1 in Eq. (29), we have the solutions derived by
making use of HAM as a special case of q-HATM solution.
On the other hand, if we take n ¼ 1 and h ¼ 1, then we arrive
at the results found by using HPM [36], DTM [37] and VIM
Numerical solution of time- and space-fractional coupled Burgers’ equations 1761[38] as a particular case of q-HATM solution. Thus, we can
conclude that the results obtained by using q-HATM contain
the results obtained with the help of HAM, HPM, DTM
and VIM. If we set a ¼ b ¼ 1 and h ¼ 1; n ¼ 1 then clearly
we can observe that the solution
PN
m¼0umðx; tÞ 1n
 m
when
N !1 converges to the exact solution of classical coupled
Burgers’ equations, which is the special case of the system of
Eq. (18) and is given by
u¼ v¼ sinx 1 tþ t
2
Cð2þ1Þ
t3
Cð3þ1Þþþð1Þ
r t
r
Cðrþ1Þþ
 
¼ et sinx:
ð30Þ
For simplicity, here we consider u ¼ uðx; tÞ ¼ vðx; tÞ and
a ¼ b for every case. The efficiency of purpose method is
noticed through the absolute error between exact solution
and second order approximation shown in Fig. 1c and e.
Table 1 shows that q-HATM, can provide many more
acceptable solutions compared to all other analytical tech-
niques for same grid point and order of solution series. A
proper selection of auxiliary parameters h and n gives more
correct approximate solution which is identical to exact solu-
tion. A horizontal line segment represents the absolute conver-
gence range for q-HATM solution series in h-curve
corresponding to n ðnP 1Þ (see Figs. 2–7).
Example 2. Finally, we consider the following space-fractional
coupled Burgers’ equation [34,36]
@u
@t
¼ @
2u
@x2
þ 2u @
au
@xa
 @ðuvÞ
@x
; 0 < a 6 1;
@v
@t
¼ @
2v
@x2
þ 2v @
bv
@xb
 @ðuvÞ
@x
; 0 < b 6 1
ð31Þ
subject to the initial conditions
uðx; 0Þ ¼ u0 ¼ FðxÞ ¼ x2; vðx; 0Þ ¼ v0 ¼ GðxÞ ¼ x3; ð32Þ
Eqs. (31) and (32) advise that we define the nonlinear oper-
ator as
N1½w1ðx;t;qÞ;w2ðx;t;qÞ¼L½w1ðx;t;qÞ 1
km
n
 
1
s
FðxÞ
1
s
L
@2w1ðx;t;qÞ
@x2
þ2w1ðx;t;qÞ
@aw1ðx;t;qÞ
@xa

@ðw1ðx;t;qÞw2ðx;t;qÞÞ
@x
	
; ð33Þ
N2½w1ðx;t;qÞ;w2ðx;t;qÞ¼L½w2ðX;t;qÞ 1
km
n
 
1
s
GðxÞ
1
s
L
@2w2ðx;t;qÞ
@x2
þ2w2ðx;t;qÞ
@bw2ðx;t;qÞ
@xb

@ðw1ðx;t;qÞw2ðx;t;qÞÞ
@x
	
; ð34Þ
and the Laplace operator as
L½umðx; tÞ  kmum1ðx; tÞ ¼ hR1;m ~um1;~vm1½ ; ð35Þ
L½vmðx; tÞ  kmvm1ðx; tÞ ¼ hR2;m ~um1;~vm1½ ; ð36Þ
where
R1;m ~um1;~vm1½ ¼Lfum1ðx;tÞg 1km
n
 
1
s
x2
1
s
L
@2u
@x2
þ2
Xm1
i¼0
ui
@aumi
@xa
 @
@x
Xm1
i¼0
uivm1i
 !( )
: ð37ÞR2;m ~um1;~vm1½  ¼ Lfvm1ðx; tÞg  1 km
n
 
1
s
x3
 1
s
L
@2v
@x2
þ 2
Xm1
i¼0
vi
@bvmi
@xb
 @
@x
Xm1
i¼0
uivm1i
 !( )
:
Obviously, the solution of the mth-order deformation Eqs.
(35) and (36) for mP 1 becomes
umðx; tÞ ¼ kmum1ðx; tÞ þ hL1 R1;m ~um1;~vm1½ 

 
; ð38Þ
vmðx; tÞ ¼ kmvm1ðx; tÞ þ hL1 R2;m ~um1;~vm1½ 

 
; ð39Þ
On solving the above equations, it gives the following
results
u0 ¼ x2; v0 ¼ x3;
u1 ¼ h 2 5x4 þ 4 x
4a
Cð3 aÞ
 
t;
v1 ¼ h 6x 5x4 þ 12 x
6b
Cð4 bÞ
 
t;
u2 ¼ ðhþ nÞu1 þ h2ð84x2 þ 30x5 þ 35x6 þ 4ð4 aÞð3 aÞ
þ 8Þ x
2a
Cð3 aÞ 
4ð7 aÞ
Cð3 aÞ þ
240
Cð5 aÞ þ
20
Cð3 aÞ
 
x6a
þ 8Cð5 aÞ
Cð5 2aÞ þ
16
Cð3 aÞ
 
x62a
Cð3 aÞ  12ð8 bÞ
 x
7b
Cð4 bÞÞ
t2
Cð3 1Þ ;
v2 ¼ ðhþ nÞv1 þ h2 84x2 þ 30x5 þ 35x6

þ 12ð6 bÞð5 bÞ
Cð4 bÞ þ
12
Cð2 bÞ þ
72
Cð4 bÞ
 
x4b
 12ð8 bÞ
Cð4 bÞ þ
240
Cð5 bÞ þ
60
Cð4 bÞ
 
x7b
þ 24Cð7 bÞ
Cð7 2bÞ þ
144
Cð4 bÞ
 
x92b
Cð4 bÞ
 4ð7 aÞ x
6a
Cð3 aÞ

t2
Cð3 1Þ ; ð40Þ
and so on.
In this manner the rest of the iterative components can be
found. Therefore, the q-HATM approximate series solutions
of system of Eq. (31) are presented as
uðx; tÞ ¼ u0ðx; tÞ þ
X1
m¼1
umðx; tÞ 1
n
 m
vðx; tÞ ¼ v0ðx; tÞ þ
X1
m¼1
vmðx; tÞ 1
n
 m ð41Þ
Eq. (41) represents the family of q-HATM solutions of system
of Eq. (31), which converges rapidly. Although exact solution
of system of Eq. (31) is not available so diagrammatical
representations to elucidate proposed method. If we set
n ¼ 1 in Eq. (41), we get the solutions obtained by using
HAM as a special case of q-HATM solution. On the other
hand, if we let n ¼ 1 and h ¼ 1, then we arrive at the results
obtained by HPM [36], DTM [37] and VIM [38] as a particular
1762 J. Singh et al.case of q-HATM solution. Thus, we can conclude that the
results obtained by using q-HATM contain the results
obtained with the help of HAM, HPM, DTM and VIM.
4. Conclusions
In this paper, the q-homotopy analysis transform method (q-
HATM) has been successfully employed to time- and space-
fractional coupled Burgers’ equations with entice solution pro-
cedures. The validity of family of purposed solution in large
admissible convergent region, is noticed by h and n-curves.
Positivisms of proposed method is that it provides nonlocal
effect, promising large convergence region, straight forward
solution procedure and free from any assumption, calculating
complicated polynomials and integrations, small/large physical
parameters. Thus, it can be winded up that the scheme is
highly systematic and can be applied to investigate nonlinear
mathematical models describing realistic problems.
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